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Experimental test of coherent betatron resonance excitations
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~Received 21 July 1997!

Sustained coherent betatron oscillations have been produced in the Brookhaven National Laboratory Alter-
nating Gradient Synchrotron~AGS! using a high-frequency oscillating dipole field operating very near a
subharmonic of the betatron tune. The betatron oscillations were adiabatically induced and manipulated in a
controlled fashion so that the transverse emittance of the particle beam was preserved. This procedure will be
used to induce spin flip in the AGS during the crossing of depolarizing resonances during polarized beam
operation. It may also find applications toward measuring nonlinear parameters of transverse motion in syn-
chrotrons and storage rings.@S1063-651X~97!07011-6#

PACS number~s!: 41.85.2p, 29.27.2a
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I. INTRODUCTION

Coherent betatron oscillations are useful for beam m
nipulations and beam diagnostics procedures. One app
tion would be in the acceleration of polarized beams in
synchrotron. To avoid depolarization from spin resonanc
one either crosses through the resonances quickly or, if
resonances are strong enough, one passes through sl
which results in an adiabatic spin flip. By inducing a vertic
coherent betatron oscillation, it is possible to increase
resonance strength of all particles to the point where
second condition is met with the normal acceleration rate
the synchrotron.

In this and other applications it is important to control a
preserve the particle beam emittance. If a betatron oscilla
is induced using a pulsed magnet or in some other nona
batic manipulation, then the beam will filament in pha
space due to guide field nonlinearities inherent in the ac
erator and the effective emittance of the beam will increa
To introduce a controlled oscillation adiabatically, a hig
frequency dipole magnet can be slowly energized to its fi
field amplitude and likewise slowly de-energized. This c
be achieved with a magnet system in which one can con
the field amplitude as well as the frequency of the ac dev
during the operation.

This can easily be understood by studying the motion i
phase-space frame that is rotating at the modulation
quency that allows for identifying the fixed-point conditio
Consider a particle influenced by a single horizontally o
ented ac dipole field of lengthl at a location in the accel
erator where the vertical betatron amplitude function isbz .
The field oscillates according toBx5Bm cos 2pnmn, where
Bm is the amplitude of the ac dipole field,nm is the modu-
lation tune defined as the oscillating frequency divided
the accelerator’s revolution frequency, andn is the number
of revolutions about the accelerator. Figure 1 shows
phase-space motion in a phase-space frame rotating a
frequency 2pnm . In this frame a particle’s phase-space ve
tor rotates through an angle 2pd each turn, with
561063-651X/97/56~5!/6002~6!/$10.00
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d[nz2~k2nm!, ~1!

wherek is an integer andnz is the vertical betatron tune. Th
ac dipole field deflects the trajectory through an an
u5Bxl /Br, whereBr is the ‘‘magnetic rigidity’’ ~momen-
tum per charge!. Since the dipole field is oscillating at th
same frequency as the rotating frame, the time aver
change ofZ8 in this frame is just half the amplitude of th
modulated angular deflection

^Z8&5
1

2
~Bml !/Br. ~2!

Therefore, there will be a fixed point in this frame a distan
Zcoh from the origin given by

2pdZcoh5
1

2
bz

Bml

Br
~3!

or

FIG. 1. Derivation of coherent betatron oscillation amplitude
a phase-space frame rotating at the modulation frequency. E
modulation period, the phase-space vector rotates through an a
2pd and is then given an effective kick by the dipole field by

average amountbzDZ85
1
2 bzu0[ 1

2 bzBml /Br.
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Zcoh5
Bml

4p~Br!d
bz . ~4!

Alternatively, this relationship can be obtained by looki
at the equation of motion in the vertical plane, namely,

z91Kz~s!z52
Bm~s!

Br
cosnmf~s!, ~5!

wherez is the vertical betatron coordinate, the prime cor
sponds to the derivative with respect to the longitudinal
ordinates, Kz5(]Bx /]z)/Br, andf5s/R, whereR is the
average radius of the accelerator. The corresponding Ha
tonian is of the form

H5
1

2
z821

1

2
Kzz

21
Bm

Br
z cosnmf. ~6!

By doing several canonical transformations including
transformation to the resonant frame, the final Hamilton
becomes

H~c,J!5dJ1
1

2
CA2J cosc, ~7!

whereJ[@z21(azz1bzz8)2#/2bz andc, the phase angle in
the rotating frame, are the conjugate action-angle pha

space coordinates. As usual,a52 1
2 b8. Additionally,

C[
Bml

2p~Br!
Abz. ~8!

The fixed points in the resonant frame are obtained from

J̇52
]H

]c
50, ċ5

]H

]J
50. ~9!

Equation~9! givescFP50 or p, for which

d6
1

2
C~2J!21/250 → J5

1

2 S C

2d D 2

, ~10!

where the plus sign corresponds tocFP50 and the minus
sign tocFP5p. There is only one fixed point since the fixe
point amplitude corresponding tocFP5p is the negative of
the fixed-point amplitude corresponding tocFP50. From Eq.
~10!, the coherent betatron amplitude is then found to be
same as that given by Eq.~4!. We see that the amplitude o
the ac dipole-induced coherent betatron oscillation is prop
tional to the maximum dipole field strength and inverse
proportional to the distance from the resonant tune.

Effect of detuning

In the above discussion, it has been assumed that the
tion could be described as a result of an oscillating fi
acting on a particle in concert with linear restoring forces
more realistic situation is one in which the restoring forc
are linear to a high degree, but with nonlinear terms pres
as well. To the next highest order, these nonlinear resto
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forces will generate an amplitude-dependent betatron tu
This adds an additional term to the Hamiltonian in Eq.~7!,
which becomes

H~c,J!5dJ1
1

2
azzJ

21
1

2
CA2J cosc. ~11!

The betatron tune is thus dependent upon the betatron o
lation amplitudea according tonz5n01(azz/2bz)a

2. Solu-
tions for the fixed points for this Hamiltonian are shown
Fig. 2. One sees that above a certain bifurcation tune th
are actually three solutions, two of which are stable@1#. Thus
measurements of the asymmetry in curves ofZcoh versusd
could be used in order to determine the amount of transv
detuning present in an accelerator. Similar bifurcations
amplitude response in modulated longitudinal systems h
been observed@2# and studied@3,4# elsewhere. Similar bifur-
cation due to synchrobetatron resonances has been obs
@5#.

II. EXPERIMENTAL TESTS IN THE AGS

To investigate the feasibility of this procedure, tests we
performed in the Brookhaven Alternating Gradient Synch
tron ~AGS! during a recent heavy ion physics run. A fa
dipole kicker magnet exists in the AGS that is norma
pulsed to generate small vertical, short-lived coherent os
lations for measuring the betatron tune. The value of
vertical betatron function at the magnet’s location is calc
lated to be about 16.6 m. For purposes of the experiment
magnet was disconnected from its normal pulse network
connected as part of a resonant circuit. Measurements o
magnet and its power supply circuit indicated a system re
nant frequency of about 70.8 kHz. The current amplitu
drops by a factor of 2 when the driving frequency
610 kHz away. This corresponds to a range innm of about
0.21–0.28 for this experiment. The maximum field streng
of the magnet with this system is 7.5 G m.

A. Experimental setup

For the beam tests, the power supply circuit for this d
vice was modified to include function generators to cont

FIG. 2. Distance of fixed points from reference orbit as a fun
tion of d. The ‘‘upright’’ curves are for a detuning parameter
zero and the ‘‘slanted’’ curves are for an arbitraryazz.0.
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6004 56M. BAI et al.
the magnet current. A function generator was used to v
the envelope of the dipole strength amplitude as a functio
time. The ac dipole was linearly ramped up in about 3 m
kept at full amplitude for about 4 ms, and then ramped b
to zero in another 3 ms. By adjusting the leading edge, f
ing edge, and frequency of this function generator’s outp
the system’s ramp-up time, ramp-down time, and the to
excitation time were controlled.

During acceleration in the AGS, the revolution frequen
changes as the particle momentum increases. Thus, to m
tain the ac dipole’s modulation tune with respect to the
tatron tune, the modulation frequency must sweep. A se
rate arbitrary function generator was used to generate
sine wave for the ac dipole. The AGS beam rf signal w
used as the clock so that the modulation tune was kept
stant throughout the acceleration. Multiplying the arbitra
function generator’s output with the ac dipole amplitude e
velope signal, an amplitude modulated sine wave with
fixed tune was obtained. This allowed the distance of the
tunes to be maintained during beam acceleration.

The experiment was performed in the AGS with Au177

beam. The revolution frequency of the gold beam swe
from about 280 kHz to about 290 kHz during the experime
By setting the vertical betatron tune to roughly 8.75, the tu
distance from the nearest integer would correspond to a
pole magnet system resonant frequency
0.253290 kHz'73 kHz. The working momentum for th
experiment was therefore about 1.1 GeV/c per nucleon.

The normalized emittance~95%! of the Au177 beam was
about 5p mm mrad and the rms beam size at this energy
about 3.9 mm at a maximum amplitude function locatio
The AGS beam pipe is a 633 in.2 ellipse. However, the
effective vertical aperture in the accelerator is only about
in. Assuming zero tune spread in the beam and no o
distortion, the maximum coherent amplitude that could
sustained within the vacuum chamber without beam l
would be about 30 mm.

Transverse beam position measurements were obta
with a pick-up electrode~PUE! located 4.5 betatron oscilla
tions downstream of the ac dipole, where the vertical am
tude function is 15.4 m. A software program was written
remotely operate the oscilloscope, acquire data, calculate
ratio of the difference and sum of the two plates’ signals, a
then save the data into a text file for future analysis.

The beam transverse profile was measured using the
isting AGS ionization profile monitor~IPM! system. This
system, with an integrating time of about 5 ms, scanned
beam profile from about 10 ms before the dipole turns on
about 10 ms after it is turned off. Within a single beam cyc
the minimum time between two successive beam pro
measurements for this system is 45 ms. Thus the emitta
throughout the ac dipole manipulations has to be acquired
different cycles of the AGS, causing small cycle-to-cyc
variations in the beam measurements.

B. Results

The coherence amplitude as a function of distance
tween the ac dipole modulation tune from the intrinsic be
tron tune was measured both during acceleration and at fi
energy in the AGS. The ac dipole modulation tu
ry
of
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function was held fixed and the betatron tune was change
produce different tune separations.

A typical example of the readback from the ac dipo
current transformer as a function of revolution number
shown in the bottom portion of Fig. 3. Here the full dipo
strength is 2.82 G m and its modulation tune is 0.75.

The top part of Fig. 3 is the beam’s average vertical d
placement sampled turn by turn. It shows that the cohe
betatron motion nicely follows the ac dipole field amplitud
shown in the bottom portion of the figure. The intrinsic b
tatron tune is 8.745.

Results from a typical emittance scan is shown in Fig.
The top portion of the figure shows the beam size~rms, in
mm! versus time, with measurements taken in 1-ms int
vals. The bottom part of the figure shows a mountain ran
plot of the corresponding vertical beam profiles. The bro
ening of the distribution and narrowing as the ac mag
turns off is evident.

Naturally, the actual beam size does not in fact grow a
shrink. The measurement time of the IPM system was 3
and hence the beam circles the AGS roughly 900 times d
ing the measurement. Thus the rms beam size shown in
plot is the time-averaged value. The maximum ‘‘measure
rms beam size is related to the actual rms beam sizes0 and
the oscillation amplitudeZcoh generated by the ac dipole b

smeas5s0A11
1

2 S Zcoh

s0
D 2

. ~12!

The fact that the measured rms beam size returns to its
vious value indicates that the process was indeed adiab
and that the beam emittance was preserved.

The ratio of the measured coherent amplitude to dip
field amplitude is shown in Fig. 5 as a function of differe
tune separations between the modulation tune and the b
tron tune. During this set of measurements, the momen
was held fixed at 1.1 GeV/c per nucleon. This particular ra
tio is shown because when the tunes were placed near r
nance without reducing the dipole field amplitude, the os
lation amplitude would become large enough to induce be

FIG. 3. Transverse displacement~top! and the ac dipole magne
field amplitude ~bottom! as a function of revolutions about th
AGS.
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56 6005EXPERIMENTAL TEST OF COHERENT BETATRON . . .
loss. Thus only smaller-amplitude oscillations provided
meaningful measurements at these tune separations. Fo
tune separation of 0.01, the largest-amplitude oscillation th
could be maintained without significant beam loss was 2.
times the rms beam size.

A similar set of measurements is depicted in Fig. 6, wher
in this case the beam is being accelerated at a rate

FIG. 4. Measured transverse rms beam size versus time in t
AGS cycle ~top! and corresponding beam profiles versus time in
the AGS cycle~bottom!.

FIG. 5. Normalized coherent betatron oscillation amplitude ver
sus distance from resonance. The beam was held at a fixed ene
during these measurements. The oscillation amplitude is normalize
by the ac dipole strength. The solid line is the predicted curve usin
Eq. ~4!.
r a
at
6

e
of

ġ52.44 s21. The arbitrary function generator was used
generate the appropriate sine wave with the AGS beam
signal used as the external clock signal. The solid line is
calculated curve using Eq.~4!. Figure 6 shows that by accu
rately fixing the tune separation, the general features of
ac dipole induced coherent betatron oscillations are indis
guishable between acceleration and storage.

The data can be used, in principle, to determine
amount of nonlinear detuning present in the AGS. Howev
as seen in Fig. 2, evidence of detuning is better obtained
values ofd much less than 0.01. The smallest value obtain
in the experiment was 0.003. The errors in tune measurem
(60.002) and errors in the analysis of the coherent part
amplitude lead to an estimate ofuazzu,750/m in the AGS.
In future tests, attempts will be made to produce stron
detuning using octupole or sextupole magnets and to look
evidence of the nonlinearity in the coherent motion.

C. Effects of tune spread and ripple

As the amplitude of the driven oscillation is inverse
proportional to the distance away from the resonant tun
significant tune spread within the particle beam will gener
a range of amplitudes. The beam will thus occupy more
the aperture, which could in turn lead to beam loss. For
stance, assume the tune spread of the beam is 0.003 an
driving tune is 0.005 away from the resonance. In order
keep the outer edge of the beam still within the beam pi
the central coherent oscillation amplitude can only be 40%
what it would be for zero tune spread. So, to make better
of the available aperture and to be able to set the tune cl
to resonance, a very small tune spread is desirable.

One of the major sources of tune spread in the AGS is
chromaticity, or the change of betatron tune with mome
tum. As an example, if the relative momentum spread of
Au177 beam were on the order of 0.001, then to maintai
tune spread of that order the chromaticity needs to be c
trolled to the level of one unit. In some of the early measu
ments, the chromaticity was not carefully examined and t
could explain the difficulty in achieving useful measur
ments with tune separations less than about 0.005. Ca
tuning of the chromaticity during the operation of the
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-
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d

g

FIG. 6. Normalized coherent betatron oscillation amplitude v
sus distance from resonance. The beam was being accelerated
ing these measurements. The oscillation amplitude is normalize
the ac dipole strength. The solid line is the predicted curve us
Eq. ~4!.
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6006 56M. BAI et al.
dipole magnet will be important in future tests. Anothe
method to minimize the betatron amplitude for a given tun
spread is to increase the betatron detuning parameterazz.
Using sextupoles and octupoles, the detuning parameter
the nonlinear resonances can be controlled. Octupoles h
recently been installed in the AGS, which can be used
perform experiments on the effect of detuning.

During the experiment, problems with power-line rippl
were also encountered. In the AGS, an acceleration r
higher thanġ52.44 s21 requires switching between two dif-
ferent bending magnet power supplies to achieve the nec
sary voltage in the magnet circuit. The more powerful supp
introduces 720 Hz power-line ripple to the combined fun
tion bending magnets. Thus the rate of change of energy,
betatron tunes, and, to the extent that the rf radial loop c
follow, the beam orbit are modulated. The net effect is
modulation of the tune separationd. Figure 7 shows an ex-
ample of this ripple effect. The beam coherence signal me
sured from the PUE is shown in the bottom trace of Fig. 7;
beating structure is evident. The top trace in this figure is t
fast Fourier transform of the data, in which ripple sideban
are apparent.

This power supply ripple can be modeled as a betatr
tune modulation on the betatron motion. Using the smoo
approximation, the equation of motion is given by

ÿ1@n0~11e cosn ru!#2y5a cos~nmu1x!, ~13!

where the overdot is the derivative with respect to the orbi
angleu, y is the betatron displacement as a function ofu, n0
is the betatron tune,n r is the ripple tune,e is the ripple
amplitude,nm is the modulation tune,x is an arbitrary phase
angle, anda is the modulation amplitude.

To simplify our discussion without loss of generality, w

FIG. 7. The lower trace is raw data of transverse oscillations
the presence of power-line ripple. The top trace is the fast Four
transform of the data, showing the ripple sideband. For this tra
the horizontal axis is the fractional tune. The modulation tune, t
large peak, is 0.273.
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assumex50. The forced oscillator equation can be solv
by the ansatz

y5A cosnmu1 (
n51

`

Bn6 cos~nm6nn r !u. ~14!

Sincee is a small number, we obtain

A5
a

n0
22nm

2 1
n0

4e2

~nm2n r !
22n0

2 1
n0

4e2

~nm1n r !
22n0

2

~15!

and

B165
An0

2e

~nm6n r !
22n0

2 . ~16!

Similarly, higher-order sidebands can be obtained. Note h
that the power supply ripple produces modulated betat
motion with sidebands around the modulation harmonic. I
worth noting that the sideband amplitudesBn6 are finite
even fornm5n06nn r . There exists only one dipole mod
singularity atnm'n0 .

The initial coherent betatron oscillation in the presence
power supply ripple can decohere to induce emittan
growth. Careful control of power supply ripple is importa
to minimize the emittance growth during this bunched be
manipulation. Plans are being made to reduce power-
ripple in the AGS as well as radial tracking with the rf fee
back loop.

III. CONCLUSION

Sustained coherent transverse beam oscillations have
achieved in the AGS using a high-frequency ac driven dip
magnet. The amplitude of the oscillations using the pres
system has been as large as 2.6 times the rms beam siz
the oscillations were held at this level for about 1000 rev
lutions. By adiabatically increasing and decreasing the dip
field amplitude during this procedure, the transverse em
tance of the beam was preserved. To set the scale, ha
oscillation of that amplitude been left to oscillate freely, t
beam emittance would have increased by a factor of 4 a
filamentation. This result provides encouragement that
technique can be used to induce spin flip of polarized pro
beams in synchrotrons when crossing strong intrinsic de
larizing resonances during acceleration. Another applica
of this device in a polarized beam storage ring would be
reversal of the polarization direction of the beam. By slow
sweeping the frequency of the modulated dipole fie
through the spin precession frequency of the storage ring
adiabatic spin flip can be induced, thus reversing the po
ization direction of each individual particle in the stora
ring without increasing the beam emittance. The reversal
be useful for reducing systematic errors in polarized be
experiments. If the tune separation can be further redu
without incurring beam loss, this technique might also
applicable toward measurements of nonlinear detuning in
celerators.

n
er
e,
e



D.
,

e
nd
the

56 6007EXPERIMENTAL TEST OF COHERENT BETATRON . . .
ACKNOWLEDGMENTS

The authors would like to thank L. Ahrens, A. Dunbar,
Gassner, J. Reich, P. Sampson, R. Sanders, G. Smith
 C.

Whalen, N. Williams, and K. Zeno for their help during th
experiment and A. Yokosawa for fruitful discussions a
support. This work was performed under the auspices of
U.S. Department of Energy.
@1# M. Bai, S. Y. Lee, H. Huang, T. Roser, and M. Syphers~un-
published!.

@2# M. Sypherset al., Phys. Rev. Lett.71, 719 ~1993!.
@3# H. Huanget al., Phys. Rev. E48, 4678~1993!.
@4# Y. Wanget al., Phys. Rev. E49, 1610~1994!.
@5# S. Y. Lee, Phys. Rev. E49, 5706~1994!.


